Let G be a graph with vertex set V (G) and edge set E(G).
Introduction
All graphs considered in this paper are finite undirected graphs without loops or multiple edges. We use Chartrand and Lesniak [2] for terminology and notation not defined here. Let G be a graph with vertex set V (G) and edge set
E(G). For a vertex v ∈ V (G), we call v is odd (even) if the degree of v in G is odd (even). For a vertex v ∈ V (G), E G (v) = {uv ∈ E(G)|u ∈ V (G)} is called the edge-neighbourhood of v in G. Let S be a subset of V (G), G[S]
denotes the subgraph of G induced by S. We use G ∪ H to denote the union of two disjoint graphs G and H, and we use GH to denote that G and H are isomorphic.
Let G 1 and G 2 be two graphs with vertex sets V (G 1 ) and V (G 2 ) and edge sets E(G 1 ) and E(G 2 ), respectively. The Hence, for any vertex v ∈ V (G 2 ), let S = {(u, v) ∈ V (G 1 × G 2 )}, by the definition of G 1 × G 2 , we know that In the past few years, several types of domination problems in graphs have been studied [1, [3] [4] [5] 7, 8] , most of those belonging to the vertex domination. Xu [6] initiated the study of the signed star domination numbers of graphs.
Let G be a graph with minimum degree (G) 1. A function f : E(G) → R is called good if f (e) ∈ {−1, 1} for every e ∈ E(G) and e∈E G (v) f (e) 0 for every v ∈ V (G). A good function is said to be a signed star dominating function (SSDF) of G if e∈E G (v) f (e) 1 for every v ∈ V (G). The minimum of the values of e∈E (G) f (e), taken over all signed star dominating functions f on G, is called the signed star domination number of G and is denoted by
SS (G).
Theorem 1 (Xu [6] ). For all graphs G of order n without isolated vertices,
Theorem 2 (Xu [6] ). For all graphs G of order n 4,
and this bound is sharp.
Few results about the signed star domination numbers are known. In this paper, we investigate the signed star domination numbers of the Cartesian product graphs and prove the following. 
Proof of Theorem 3
Note that SS (G ∪ H ) = SS (G) + SS (H ) for two disjoint graphs G and H. Hence, we may assume that all graphs are connected in this paper. The following lemma is useful for proving Lemma 5. Now we define a function f as follows. For 1 i 2a and 1 j 2b,
It is not hard to verify that
f (e) = 0 and
Lemma 5. Let n 3 be an integer. For the complete graph K n ,
Proof. First of all, we prove the following claim:
Proof of Claim 1. Let f be a signed star dominating function of
implying that
Hence, SS (K n ) n.
Note that the equality holds if and only if for every
e∈E Kn (v) f (e) = 2.
Suppose that n = 4k + 1 for some positive integer k. Then for every v ∈ V (K n ), each of n+1 2 = 2k + 1 edges incident with v is assigned value 1 and each of the other n−3 2 = 2k − 1 edges is assigned value −1. Consider the subgraph H induced by those edges with value 1. Clearly, H is a (2k + 1)-regular graph of order 4k + 1. This is a contradiction. Hence, the equality does not hold, and it turns out that
f (e) n + 1.
Therefore, SS (K n ) n + 1. The proof of Claim 1 is complete.
Secondly, we prove that SS (K 3 ) = 3, SS (K 5 ) = 6, SS (K 7 ) = 7 and SS (K 9 ) = 10. The proof of SS (K 3 ) = 3 is trivial. As 5 = 4 + 1, 7 = 4 + 3 and 9 = 4 * 2 + 1, by Claim 1, we have that SS (K 5 ) 6, SS (K 7 ) 7 and SS (K 9 ) 10. To show that SS (K 5 ) = 6, it suffices to construct a signed star dominating function f so that e∈E(K 5 ) f (e) = 6. In fact, we can find such a function f as follows (see Fig. 2 ).
To show that SS (K 7 )=7, similarly, it suffices to construct a signed star dominating function f so that e∈E(K 7 ) f (e)= 7. Indeed, we can find such a function f as follows (see Fig. 3 ). To show that SS (K 9 ) = 10, we can also construct the following signed star dominating function f such that e∈E(K 9 ) f (e) = 10 (see Fig. 4 ):
Finally, to complete the proof of Theorem 5, we consider the following three cases. Case 1: n = 2k for some positive integer k. By [2, Theorem 9.19, p. 273], K n is 1-factorable. Note that there are 2k − 1 1-factors (perfect matchings). So, we can assign f (e) = 1 for each edge e of k 1-factors and assign f (e ) = −1 for each edge e of the remaining k − 1 1-factors. It is straightforward to verify that f is a signed star dominating function of K n and e∈E (K n 
Case 2: n=4k+1 for some positive integer k. By Claim 1, we have that SS (K n ) n+1. To prove that SS (K n )=n+1, it suffices to construct a signed star dominating function f so that e∈E(K n ) f (e) = n + 1. We can construct such f as follows.
Let (v) g(e) = 0 for every v ∈ X ∪ Y . Define a good function f as follows:
e ∈ E(G[X]); f Y (e), e ∈ E(G[Y ]); g(e), e ∈ E(H (X, Y )).
It is not hard to verify that f is a signed star dominating function of K n and
g(e)
Case 3: n = 4k + 3 for some positive integer k. To prove that SS (K n ) = n, by Claim 1, it suffices to construct a signed star dominating function f so that e∈E(K n ) f (e) = n. In fact, we can construct such f as follows.
As we have proven that SS (K 7 ) = 7, we may assume that k 2 in the following. Define a good function f as follows.
f (e) = f X (e), e ∈ E(G[X]); f Y (e), e ∈ E(G[Y ]); g(e), e ∈ E(H (X, Y )).
Obviously, f is a signed star dominating function of K n and
Lemma 6. Let n be an integer. We have the following:
(1) For the cycle C n , n 3,
For the path P n of order n 2,
n is odd; 2n, n is even.
Proof. For items (1) and (2) 
Notice that K n,n has 2n vertices. By Theorem 1, SS (K n,n ) n, and hence item (3) follows.
Case 2: n is even. If we assign each edge of n+2 2 1-factors 1 and each edge of the remaining n−2 2 1-factors −1, then we have therefore defined a signed star dominating function f which satisfies that e∈E(K n,n ) f (e) = 2n. Hence,
Notice that each vertex in K n,n has even degree n. Hence, for every signed star dominating function f, e∈E Kn,n (v) f (e) 2, Kn,n (v) f (e) 4n implying that Proof. The proof is trivial for k = 0. As every graph has even number of odd vertices, k is even and k 2 n 2 . We may assume that k 2.
Let H be a graph obtained by adding Hence, . By Theorem 3, the second inequality holds.
SS (G × H ) n H SS (G) + n G SS (H
The following result follows immediately from Lemmas 5 and 6 and Corollary 8. In particular, SS (C 2k × K 2n ) = 2kn and SS (C 2k × K 2n−1,2n−1 ) = 2k(2n − 1), where k 2 is a positive integer.
Remark 10. The bound in Theorem 3 is sharp by Corollary 9.
